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This paper presents a computer numerical control (CNC) deformation process, termed Bend-Forming, for fabri-
cating 3D wireframe structures. The process relies on the combination of CNC wire bending with mechanical
joints to construct reticulated structures from wire feedstock. A key component of the process is a path planning
framework which uses Euler paths and geometrical computations to derive fabrication instructions for arbitrary
3D wireframe geometries. We demonstrate the process by fabricating exemplary structures on the order of 1 m,
including reticulated columns, shells, and trusses, with rapid build times compared to other additive manufac-
turing techniques. The structures fabricated herein contain defects which result in residual stress and imperfect
geometries. To determine the tolerances needed to fabricate accurate structures, we develop a model of error
stack-up for Bend-Forming, using fabrication defects in feed length, bend and rotate angle, and strut curvature.
We find that for tetrahedral trusses fabricated with Bend-Forming, defects in feed length and strut curvature have
a large effect on the surface precision and stiffness of the truss, respectively, and are thus important tolerances
to control to achieve structural performance metrics. Overall, Bend-Forming is a versatile and low-power process
that is well suited for a wide-range of applications, from rapid prototyping of wireframe structures to in-space

manufacturing.

1. Introduction

Computer numerical control (CNC) deformation processes which
plastically deform metallic feedstock have attracted interest due to their
ability to form near-net shapes without complex tooling, thereby of-
fering speed and cost improvements over conventional manufacturing
processes. Deformation processes are also attractive for applications
where power is limited, given their lower specific energy consumption
(<1 MJ/kg) as compared to other melt-based and extrusion processes
which require melting of feedstock (5-10 MJ/kg) [1]. One deforma-
tion process of particular interest for fabricating lightweight structures
is the CNC bending of wire, tubes, and profiles, which has been devel-
oped over decades and routinely used in manufacturing industries [2—4].
Many variations of this process have been developed for fabricating 2D
and 3D bent profiles, including draw bending [5,6], shear bending [7],
MOS tube bending [8], dieless U-bending [9], TSS profile bending [10],
and HexaBend profile bending [11]. Additionally, smart CNC bending
processes with increased accuracy have been developed by using heated
feedstock and dies [12], simultaneous hot bending and quenching [13],
and even closed-loop control [14]. These various processes have enabled
the flexible forming of 3D bent profiles for both large-scale and small-
scale applications. For instance on the small scale, CNC wire bending
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has been used to manufacture wire sculptures [15], kinetic wire char-
acters [16], compliant mechanisms [17], and braces for orthodontics
[18]. Nonetheless, using CNC wire bending to fabricate 3D wireframe
structures from continuous feedstock has not been considered, and a
general framework for fabricating arbitrarily complex 3D geometries
has not been developed, restricting potential applications of the pro-
cess. The primary constraint for fabrication with CNC wire bending is
that the structure be made from continuous feedstock, which offers a
unique path planning challenge: How to fabricate a given 3D wireframe
structure by deforming only one strand of feedstock? Additionally, for
large structures, how do errors at each fabrication step propagate and
affect accuracy of the final geometry?

In this paper, we tackle these questions by developing a process
termed Bend-Forming, which incorporates CNC wire bending with me-
chanical joints to fabricate 3D wireframe structures. At the crux of the
process is a path planning framework (Section 2) which uses Euler paths
and geometrical computations to convert a 3D wireframe structure into
fabrication instructions for a CNC wire bender. Using this framework,
we fabricate exemplary structures previously not possible with CNC
wire bending (Section 3). Additionally, to enable fabrication of accu-
rate structures with Bend-Forming, we analyze the error stack-up of the
process based on the tolerances of each fabrication step (Section 4).
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Fig. 1. The three degrees of freedom (DOFs) of a CNC wire bender: feed, bend, rotate. The machine feeds along the wire axis (L.4), bends clockwise or counter-

clockwise in the xy-plane (+6,.,,), and rotates the wire out-of-plane about the feeding axis (+6

0° < |Bpenal < 180° This illustration is based off the D.I. Wire Pro machine [6].
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Fig. 2. Bend-Forming fabrication process. (I) A bend path is found which continuously traverses each edge of the desired wireframe geometry. The green and red
dots indicate the path’s start and end points. (II) The bend path is converted into a list of machine instructions. (III) The machine instructions are implemented on a
CNC wire bender and the neighboring edges are joined at each node. The result is a stiff structure made from a continuous strand of feedstock.

With a case study on tetrahedral trusses, we highlight how structural
performance metrics can be achieved with Bend-Formed structures, by
keeping the fabrication tolerances within specified ranges. Note the soft-
ware tools developed for this work, i.e. for the fabrication and accuracy
modeling of Bend-Formed structures, are publicly available at [19].

2. Bend-Forming process

Bend-Forming combines CNC wire bending with mechanical joints
to form wire feedstock into 3D reticulated structures. The unit process
is illustrated in Fig. 1, which depicts a CNC wire bender plastically de-
forming a straight wire via the three degrees of freedom (DOFs) of the
machine: feed, bend, rotate. Note that these elementary steps are typi-
cal for all CNC wire benders. To fabricate larger wireframe structures,
a sequence of feed, bend, and rotate instructions is prescribed to the
machine, such that the bends serve as nodes and the straight sections
serve as struts. A joining method is then used to connect the neighboring
edges at each node. The final result is a stiff structure made from a con-
tinuous strand of wire feedstock. By combining CNC wire bending with
mechanical joints in this way, Bend-Forming can fabricate lightweight
yet stiff wireframe structures from ductile feedstock.

Below we summarize the path planning framework for fabricating
arbitrary wireframe geometries with Bend-Forming. The process con-
sists of three steps, as depicted in Fig. 2. The first step is to find the
shortest bend path which continuously traverses each edge of the de-
sired geometry. Graph theory is used to find such paths for any 2D or
3D geometry, as described in Section 2.1. The second step is to convert
the bend path into machine instructions, namely a list of feed, bend,
and rotate steps which can be inputted into the CNC wire bender for
fabrication. A geometric algorithm which uses nodal coordinates is im-
plemented in this step to generate the machine instructions, as described
in Section 2.2. The final step is to input the machine instructions into a

CNC wire bender and fabricate the desired structure, using the joining
methods described in Section 2.3.

2.1. Finding bend paths

The first step of the Bend-Forming process is to find a bend path
which traverses the desired wireframe geometry, such that it can be
fabricated from continuous feedstock. To minimize mass of the struc-
ture, we seek bend paths with shortest length. This problem is a ver-
sion of the route inspection problem, which seeks the shortest closed
path which visits each edge of a graph [20]. As any wireframe geome-
try can be represented as a graph with nodes and edges, the algorithm
which solves this problem is directly applicable to finding bend paths
for Bend-Formed structures. Thus, here we describe the route inspec-
tion algorithm, but specifically applied to Bend-Forming. Note that this
methodology does not consider any plasticity or specific tooling knowl-
edge to compute bend paths; it solely uses the desired wireframe geom-
etry represented as a graph. This approach is similar to that presented in
[21], where the route inspection algorithm is used to find optimal tool
paths for fused deposition modeling (FDM) of lattices.

The goal of the route inspection algorithm is to compute a continuous
bend path for an arbitrary wireframe geometry. Recall Euler’s theorem,
which holds that there exists a closed path which traverses each edge
of a graph if and only if there are no more than two nodes with an odd
number of connections [20]. Therefore to find continuous bend paths
(also called Euler paths), we first check whether the desired geometry
satisfies this condition. If not, we add the minimum number of doubled
edges until this condition is satisfied and the graph is made Eulerian.
Physically, these edges represent doubled struts which are added to the
wireframe structure in order to fabricate it from a continuous strand
of feedstock. Once these struts are added, we find a bend path which
fully traverses the geometry, using the algorithm of Hierholzer [22].
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Fig. 3. Converting a 3D bend path of four nodes (x,-x,) into machine instructions for a CNC wire bender. The feed length (L,) is computed via the Euclidean distance
between subsequent nodes; the bend angle (¢,,) via the angle between every three nodes; and the rotation angle (6,;) via normal vectors to every three nodes. The

green line indicates the progression of the bend path.

The pseudocode for these two steps of the route inspection algorithm
(i.e. adding doubled struts and finding a bend path) are provided in the
Supplementary Material. The bend path found by this algorithm is not
unique as many exist for the same geometry. Each bend path, however,
is guaranteed to have the shortest length which traverses each edge of
the wireframe geometry exactly once. In terms of complexity, the most
efficient implementation of the algorithm runs in O(V?3) time, where V
is the number of nodes in the geometry [20].

2.2. Converting to machine instructions

Once a bend path is found for the desired geometry, the next step
is to convert the path into instructions for a CNC wire bender. To do
so, we implement an algorithm which converts a list of nodal coordi-
nates which constitute the bend path into a series of feed, bend, and
rotate instructions for the CNC wire bender. For these computations,
we assume that each feed length, bend angle, and rotate angle will be
perfectly implemented by the machine. In reality, the tolerances of the
machine as well as the springback and curvature of the feedstock affect
each fabrication step and lead to geometrical errors which accumulate
for larger structures, as discussed further in Section 4. To some extent,
these factors can be corrected for when generating the machine instruc-
tions, for instance, by compensating for springback and adjusting feed
lengths using the diameter of the wire and bend head. However, here
we do not consider these adjustments and instead present a purely geo-
metrical algorithm for generating the machine instructions for a typical
CNC bending machine. The output of this algorithm may subsequently
be combined with springback compensation to generate accurate ma-
chine instructions for specific machines. This methodology is similar to
that used for commercially-available tube benders [23] and dental wire
benders [24].

The key computations of the algorithm for calculating machine in-
structions are depicted in Fig. 3 for a simple 3D bend path of four nodes.
The feed length is calculated as the Euclidean distance between subse-
quent nodes; the bend angle as the supplement of the angle between
every three nodes; and the rotate angle as the supplement of the an-
gle between planes formed by every three nodes. By using the order
of nodal coordinates and computing the distances and angles between
subsequent nodes in this way, the algorithm converts a bend path into
fabrication instructions for a CNC wire bender. The detailed pseudocode
for this algorithm is provided in the Supplementary Material, including
a description of edge cases such as doubled struts and collinear nodes.

Table 1
Fabrication details of the exemplary Bend-Formed structures shown in Fig. 4.
Note that the listed mass includes both the wire and the joints.

Prototype Feedstock Bends Mass (g) Embodied Theoretical

Length (m) Energy (kJ) Build Time
(min)

Tetrahedral Truss 5.6 79 29 9.5 6

Utah Teapot 10.6 216 54 18 12

Stanford Bunny 11.9 176 60 20 13

Curved Gridshell ~ 28.5 241 183 60 40

Isogrid Column 27.4 271 218 72 48

2.3. Joining

The algorithms presented in Sections 2.1 and 2.2 convert a desired
3D wireframe geometry into fabrication instructions for a CNC wire ben-
der. The final fabrication step of Bend-Forming is to implement the ma-
chine instructions and attach joints at each node to construct a stiff struc-
ture. Various solid-state and mechanical methods may be used to create
the joints. Here we highlight two such joining methods which are com-
patible with the Bend-Forming process: interference snap-fit joints and
solder joints. The interference snap-fit joints contain two parts which
snap together at the node with interfering pins (as further described in
[25]), while the solder joints strengthen the nodes with a filler metal.
For the prototypes presented herein, such joints were manually attached
to the structure after fabrication with a CNC wire bender. To enable
robotic construction of stiff structures, joint application should be inte-
grated with the CNC process to incrementally join nodes during Bend-
Forming.

3. Exemplary structures

Using the fabrication and joining processes outlined in Section 2,
Fig. 4 presents photos of exemplary structures fabricated with Bend-
Forming, with dimensions on the order of 1 m. Here the feedstock was
1-mm diameter steel wire and bending was performed with the D.I. Wire
Pro machine after calibrating for material springback [6]. Snap-fit joints,
solder joints, and zipties were used as the joints, as shown in the inset
images. The snap-fit joints were 3D printed on a FormLabs SLA printer
[26] and attached to the structure after fabrication. For each prototype,
Table 1 lists the total length of feedstock, the number of bends, and the
mass. Additionally, Table 1 lists the embodied energy of each prototype,
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Fig. 4. Photos of exemplary 3D wireframe structures fabricated with Bend-Forming: (a) isogrid column, (b) curved gridshell, (c) tetrahedral truss, (d) Utah teapot,
and (e) Stanford bunny. Each prototype is made from a single, continuous steel wire via a desktop CNC wire bending machine [6]. The green and red dots indicate
the start and end points of the wire. The nodes consist of zipties, solder joints, and plastic snap-fit joints which lock together with interfering pins (see insets).

calculated using a specific energy consumption of 0.33 MJ/kg for a typ-
ical deformation process [1], and the theoretical build time, calculated
using a power draw of 25 W for a typical CNC wire bender [6]. Fur-
ther details regarding the geometry, bend path, and fabrication of each
structure are provided in the Supplementary Material.

The prototypes of Fig. 4 demonstrate that while the Bend-Forming
process relies on only a few DOFs, it can fabricate complex 3D wire-
frame structures. The theoretical build times also demonstrate the rapid
fabrication possible with Bend-Forming, given its relatively low specific
energy consumption compared to additive manufacturing techniques
which require melting of feedstock.

4. Accuracy model of Bend-Forming

Compared to their perfect geometries, the Bend-Formed prototypes
presented in Fig. 4 have geometrical defects arising from their fabrica-
tion process. These defects result from various sources, e.g., incomplete
compensation for material springback, incomplete straightening of feed-

stock, and angular errors of the bending mechanism. As Bend-Formed
structures are fabricated from a continuous strand of feedstock, these
errors affect each fabrication step and accumulate for large structures.
Hence to fabricate accurate structures, an understanding is needed of the
error stack-up during Bend-Forming and its effect on the final geometry.

Here we present an accuracy model which allows for an estimation
of the accuracy of Bend-Formed structures given fabrication tolerances
of the CNC wire bender. An overview of this modeling framework is
presented in Fig. 5. We consider three specific fabrication defects: feed
length error (6, ), angular error (), and strut curvature (§,). With these
fabrication defects and a specific wireframe geometry, we use a kine-
matic model to replicate the imperfect fabrication of the structure. We
then implement a finite element model to close the fabrication defects,
which physically represents joint attachment at each node. The result of
these two steps is the residual stress distribution and deformed geome-
try of an imperfect wireframe structure fabricated with Bend-Forming.
This imperfect structure can then be used to conduct trade studies and
understand how its performance varies with fabrication defects. Practi-
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Fig. 5. Modeling framework for estimating the accuracy of Bend-Formed structures. An imperfect structure is modeled by replicating fabrication with defects: feed
length error (5, ), angular error (8,), and strut curvature (5, = A/L). The defects are then closed by aligning adjacent nodes in a finite element model. The resulting
imperfect structure has residual stress and deformations not present in the perfect structure. The tetrahedron shown here has sidelength L = 50 mm and fabrication

defects [6;, 5y, 6,1 = [-1 mm, —3°,2%].

cally, it can also be used to derive ranges of the fabrication tolerances
to achieve specific performance metrics with Bend-Formed structures.

4.1. Kinematic model of imperfect fabrication

To compute an imperfect Bend-Formed geometry with fabrication
defects, we implement a kinematic model of error stack-up. Specifically,
we add three types of fabrication defects to the bend path of a given
wireframe structure. The first defect is an absolute offset in feed length
(), resulting from tolerances of the feeding mechanism in a typical
CNC wire bender (|6;| ~ 0.1lmm for the D.I. Wire Pro [6]). The second
defect is an offset in the bend and rotate angles (6,), resulting from in-
complete compensation for material springback during bending opera-
tions and torsion during rotate operations (|6, ~ 0.5°-1.0°). Many CNC
wire/tube benders can actually compensate for the rotate error with suf-
ficient distance between the feedstock spool and bend head to minimize
the torsional shear strain (e.g. with an accumulator [27]); however here
we assume a worst-case fabrication scenario in which the angular error
is identical for all bend and rotate angles. This conservative assumption
may not be valid for Bend-Formed geometries with a small number of
fabrication steps but become valid for larger structures, for which the
rotate error may be difficult to compensate for due to the large inertia of
the fabricated structure. The third defect corresponds to nonzero strut
curvature (6,.), resulting from the incomplete straightening of the feed-
stock as it is drawn from the spool, which imparts both cast and helix
curvatures (6, ~ 1-5%). Here §,. is defined as the ratio of the maximum
transverse offset (A) of a symmetric, circular arc between strut nodes to
the strut length (L). To account for both systematic and random errors,
these three fabrication defects are expressed as the sum of a constant C;
and a normal distribution N (0, aiz) with zero mean and standard devia-
tion o;, where i = {L,0,«}:

8 =C;+N(0,6%). M

For each strut in the perfect geometry, Eq. (1) is used to compute an
error in its length (6, ), bend/rotate angle (6,), and curvature (,.). Here
the constant term C; represents a systematic error that is constant for
each strut, while the standard deviation o, represents a random error
that varies for each strut.

To model the accumulation of these errors during Bend-Forming, we
incorporate them into the bend path of the perfect structure and use
homogeneous transformation matrices (HTMs) [28,29] to replicate fab-
rication of the imperfect structure. Specifically, we add the feed length

Fixed 6 DOF kinematic
displacements coupling

J

Pinned node
at origin >

Closing fabrication defects Relaxation

Fig. 6. Simulation of closing fabrication defects. The nodes of the imperfect
structure are aligned with the perfect structure via fixed displacements, after
which the displacements are removed and the structure is allowed to move
freely. The resulting structure contains residual stress and a deformed geom-
etry which represents the final shape of the Bend-Formed structure.

and angular errors (8, §y) to each feed and bend/rotate step of the bend
path, respectively, and calculate the nodal coordinates of the imperfect
geometry by modeling the fabrication as a combination of translations
and rotations. Then we add strut curvature (§,) by fitting a symmetric,
circular arc between the start and end points of each strut and assuming
a random curvature direction perpendicular to the strut axis. The re-
sulting imperfect structure contains geometrical defects (as depicted in
Fig. 5) and represents the accumulation of error at the end of fabrication.
Note that this kinematic model does not consider the residual stresses
from the bending operations or how the defects change during fabrica-
tion, which may affect the predicted imperfect geometry. See Appendix
A for a detailed mathematical description of this kinematic model.

4.2. Simulation of closing fabrication defects

After calculating the geometry of the imperfect structure, we close
the fabrication defects to calculate the resulting residual stress and de-
formed geometry which represent the final shape of the Bend-Formed
structure. Physically, this step corresponds to the fabrication step of at-
taching joints at each node (cf. Section 2.3). Here we simulate this step
with a finite element model, by meshing the imperfect geometry with
linear beam elements (B31 in Abaqus) and implementing two analysis
steps, as illustrated in Fig. 6. In the first step, displacements are simul-
taneously applied to all nodes of the imperfect geometry to align them
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with the perfect structure. This brings the strut axes together at each
node, effectively closing the geometrical defects from imperfect fabri-
cation. The imperfect geometry used for this step is the output of the
kinematic model, which solely considers the fabrication path and geo-
metrical defects. Hence we do not include any residual stresses from the
bending operations, which may affect the closing of the defects as de-
scribed here. In the second step, the displacements are removed and the
structure is allowed to move freely, while adjacent nodes are constrained
to move together and one node is pinned at the origin. This replicates
the attachment of joints to the structure and subsequent relaxation of
stress. We implement this relax step with a user-defined subroutine in
Abaqus which kinematically couples all six DOFs of adjacent nodes. The
result of these two analysis steps (i.e. closing fabrication defects and re-
laxation) is the residual stress and deformed geometry of the imperfect
Bend-Formed structure.

Once the imperfect Bend-Formed structure has been computed, it
can be compared to the perfect structure to determine its accuracy and
to characterize performance, for example by calculating precision and
stiffness metrics as presented in Section 4.3. This analysis can then guide
the selection of appropriate ranges for fabrication tolerances. Note that
due to the perfect alignment of struts at the nodes, this model assumes
perfect joint attachment and does not consider any joint assembly errors,
which may result in additional imperfections to the final structure. Ad-
ditionally, due to the kinematic coupling of adjacent nodes, this model
assumes perfect load transfer at the joints, yielding a conservative esti-
mate of the residual stress.

4.3. Case study: Bend-Formed tetrahedral truss

Using the accuracy model presented above, we present a case study
which highlights the effect of fabrication defects on the performance
of a Bend-Formed tetrahedral truss. This truss geometry (fabricated in
Fig. 4) consists of rings of a hexagonal unit cell with equal-length struts
and is parametrized by its depth H and number of rings N, as illus-
trated in Fig. 7. The tetrahedral truss is used commonly in load-bearing
applications as a lightweight yet stiff support structure [30].

Here we conduct trade studies to illustrate how the fabrication errors
of Bend-Forming affect the structural performance of the tetrahedral
truss. We first investigate how random feed length and angular errors
affect the surface precision and residual stress of the truss. To do so, we
use the framework of Sections 4.1 and 4.2 to model various imperfect
tetrahedral trusses fabricated with Bend-Forming, with random defects
in either feed length (5;) or bend/rotate angle (). For nondimension-
alization, the feed length standard deviation is expressed as 6; = o, /L
using the strut length L; and the angular standard deviation as &, in radi-
ans. For each imperfect structure modeled with these errors, we compute
the RMS surface error (wgys) and the RMS residual axial load (Pyys),
two parameters which represent the surface precision and residual stress

Additive Manufacturing Letters 6 (2023) 100146

of the tetrahedral truss. The surface error is calculated as the RMS de-
viation from best-fit planes to the nodes of the imperfect truss; and the
residual axial load as the RMS axial force of all beam elements in the
model. These parameters are then nondimensionalized as

WRMS
= , 2
WRrMS D5 @)
Pryms
Pris = a5 @

using the diameter D, the standard deviations of the random errors & =
o..,09, and the strut axial stiffness EA (similar to the analysis in [31]).
Once nondimensionalized, these parameters are plotted in Fig. 8 against
the number of rings N, for tetrahedral trusses of various size.

Each datapoint in Fig. 8 represents the average of five simulations
of randomly imperfect Bend-Formed trusses made from 1-mm diameter
steel wire (E =200 GPa, v = 0.29), with depth H = 50 mm, number of
rings N,;,,, and random feed length and angular errors with standard
deviation 5; = 5, = 3 x 107, Overlaid on this plot are analytical values
from previous continuum analyses [32-34], which model the effect of
random feed length errors on the RMS surface error and RMS residual
axial load of tetrahedral trusses:

Wrms ~ 0.146, “

Paws = 1/V/3. )

Note that for our simulated trusses with random feed length error, a
slight nonzero strut curvature between 6, = 0-3% is included to enable
the finite element solver to close fabrication defects past the buckling
of individual struts. For these simulations, a corresponding knockdown
in axial stiffness is used when nondimensionalizing the RMS axial force,
given by [35]

EA* 6L\

EA_<1+§<rg>> ’ ©®
where L is the strut length and r, the radius of gyration of the strut cross
section, both of which are held constant for all trusses.

The results of Fig. 8 show that random feed length errors have a
greater effect on the RMS surface error and RMS residual axial load of
Bend-Formed tetrahedral trusses than angular errors. This is a conse-
quence of the larger stresses which develop in the struts during closing
of the random feed length errors. Hence limiting the feed length errors
is important for achieving structural performance metrics with Bend-
Forming. At the same time, the angular errors do affect the geometry of
the imperfect structure and should therefore be limited by the reach of
the joining method used with Bend-Forming, i.e. to ensure all nodes of
the imperfect geometry remain within reach to close fabrication defects.

The results of Fig. 8 also show that the effect of random feed length
errors is well-approximated by the continuum analysis of Egs. (4), (5).
Hence these equations can be used to calculate the required range of
feed length tolerances to achieve performance metrics. For example,
consider the application of Bend-Forming a truss support structure for
a large-diameter antenna in space (e.g. D = 50 m, H = 50 mm). Given
a surface error requirement of wgys < 1 mm and residual axial load
requirement of Ppys < 5 N, Egs. (4), (5) suggest that Bend-Forming
such a tetrahedral truss from 1-mm diameter steel wire requires a feed
length standard deviation of 6; < 4 um. Achieving this tolerance would
require an extremely precise feeding mechanism, given thes; ~ 0.lmm
tolerance of current desktop CNC wire benders [6].

We next assess the effect of strut curvature on the stiffness of Bend-
Formed tetrahedral trusses, again using the modeling framework of
Sections 4.1 and 4.2. Specifically we compute the free-free fundamental
natural frequency (f,) of imperfect tetrahedral trusses of various size
with various strut curvatures (6,), as plotted in Fig. 9. Each datapoint
in Fig. 9 represents the average of five simulations of randomly imper-
fect Bend-Formed trusses made from 1-mm diameter steel wire (E = 200
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Fig. 9. Effect of strut curvature (6,) on the free-free fundamental natural fre-
quency (f,,) of Bend-Formed tetrahedral trusses. Note the transition from local
to global mode shapes for larger-diameter trusses.

GPa, v = 0.29, p = 7800 kg/m3), with depth H = 50 mm, number of rings
Niing»> and constant strut curvature between 6, = 0-5%. Overlaid on this
plot are analytical expressions derived by combining the knockdown in
strut axial stiffness from Eq. 6 with the natural frequency of a tetrahedral
truss modeled as a thin plate [36,37], given by

e [E

“2p\ o @

Jo
Here D is the truss diameter, E* and p the strut Young’s modulus and
density, and x a constant which varies with diameter. Substituting Eq.
(6) into Eq. (7), we obtain the following relationship between natural
frequency (f,) and strut curvature (,) for a tetrahedral truss modeled
as a continuum:

o\ -1
K E 1(6,L
= 1=(1+= ) 8
Jo 2zD \| p < 2 ( Ie ®
This expression is overlaid in Fig. 9 with simulation results for tetra-
hedral trusses of various size. Note that the strut length L, radius of

gyration r,, density p, and Young’s modulus E are kept constant for all
trusses.

The results of Fig. 9 show that nonzero strut curvature causes a signif-
icant decrease in natural frequency and hence stiffness of Bend-Formed
tetrahedral trusses. For large trusses, this trend is approximated by the
continuum analysis of Eq. (8), which assumes a global saddle mode
shape and a knockdown in truss stiffness due to the decreased axial
stiffness of each strut. However for smaller trusses (e.g. N,j,, = 3), there
are discrepancies due to the presence of local mode shapes which have
a lower natural frequency than the global mode shape. Nonetheless, all
trusses exhibit a decrease in natural frequency with increasing strut cur-
vature, and Eq. (8) provides a conservative estimate of this dependence.
For example, consider again the application of Bend-Forming a truss
support structure for a large-diameter antenna in space (e.g. D = 50 m,
H =50 mm). Eq. (8) suggests that for such a truss made from 1-mm di-
ameter steel wire, a strut curvature of 5, > 1% will result in more than a
50% decrease in natural frequency. This can be troublesome for avoid-
ing control-structure interaction on orbit; hence limiting strut curvature
during fabrication is important for achieving stiffness metrics with Bend-
Forming.

5. Summary and outlook

This paper presented a CNC deformation process, termed Bend-
Forming, for fabricating 3D wireframe structures by deforming a sin-
gle strand of feedstock. The key novelty of Bend-Forming over previous
work on CNC wire bending is a path planning framework which con-
verts arbitrary 3D wireframe geometries into fabrication instructions
for a CNC wire bender, via Euler paths and geometrical computations.
This framework computes a random bend path for a desired geometry
through the route inspection algorithm and converts it into machine
instructions, without any knowledge regarding plasticity or the specific
tooling. Here we demonstrated this framework by fabricating exemplary
3D wireframe structures, including an isogrid column, curved gridshell,
and Stanford bunny. Additionally, to understand the accuracy of struc-
tures fabricated with Bend-Forming, we developed an accuracy model
which provides estimates of residual stress and deformed geometry from
the tolerances of the fabrication process itself. This model uses a purely
geometric analysis to incorporate normally distributed feed length er-
rors, angular errors, and strut curvatures; uses a worst-case assumption
that bend and rotate errors are identical; and assumes perfect alignment
of nodes to estimate the residual stress after joint attachment. As illus-
trated with a case study on tetrahedral trusses, this model can be used to
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derive necessary fabrication tolerances to achieve precision and stiffness
metrics with Bend-Formed structures.

As a method for fabricating 3D wireframe structures of arbitrary
shape and size, Bend-Forming enables various small and large-scale ap-
plications. On the small scale, Bend-Forming can improve the rapid pro-
totyping of truss structures by enabling fabrication of complex geome-
tries with CNC wire bending. On the large scale, Bend-Forming can en-
able fabrication of structures with a high compaction ratio. For instance,
one potential application is the in-space manufacturing of truss struc-
tures [1], which require a high compaction ratio due to the volume con-
straints of the rocket fairing. Bend-Forming could eliminate such con-
straints by enabling the construction of large-volume structures on orbit
from a relatively small volume of spooled feedstock material. Another
potential large-scale application is the fabrication of space frames for
terrestrial infrastructure.

To enable these various applications, future work is needed to refine
the Bend-Forming process. One key area of improvement is to automate
the joint attachment during fabrication. For all the prototypes presented
in this paper, the joints were manually attached to the structure after
fabrication; whereas for robotic fabrication, a system for automatic joint
attachment would need to be integrated with the process. A second area
of improvement is to select optimized bend paths suited to fabrication.
The challenge (and opportunity) of Bend-Forming is that many bend
paths can be used to fabricate the same wireframe geometry, hence se-
lecting bend paths which achieve minimal collision or maximize the
natural frequency of intermediate structures can significantly improve
the fabrication process. Another area of improvement, particularly for
fabricating large structures, is to increase the accuracy of the Bend-
Forming process. While the accuracy model presented in this paper pro-
vides guidelines for estimating the required fabrication tolerances, our
model can be improved in several ways. In particular, the conservative
assumption of identical bend and rotate errors can be improved for the
specific tooling used, and the residual stresses from bending operations
can be incorporated before estimating the residual stresses from closing
fabrication defects. Practically, methods such as the in-situ correction of
defects with closed-loop control can also greatly improve the accuracy of
Bend-Formed structures. Finally, novel feedstock materials can achieve
Bend-Formed structures with higher specific stiffness. While the plastic
deformation of the process restricts potential feedstock to ductile ma-
terials, novel material architectures (e.g. with functionally-graded duc-
tility) should be developed which are both amenable to Bend-Forming
and result in stiffer struts.
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APPENDIX A. Kinematic model of imperfect fabrication with
homogenous transformation matrices

The accuracy model described in Section 4 uses a kinematic model
of error stack-up to compute an imperfect Bend-Formed structure, given
specified fabrication defects in feed length (6, ), bend and rotate angle
(8¢), and strut curvature (5,.). Here we describe the mathematical model
for calculating the geometry of this imperfect structure, which consists
of three steps:

1. Incorporate fabrication defects into the bend path of the perfect
structure.

2. Model fabrication of the imperfect structure with homogenous trans-
formation matrices (HTMs).

3. Add strut curvature to the imperfect geometry.

In the first step, we incorporate fabrication errors into the bend path
of the perfect structure by adding the feed length error (6, ) to each feed
step and the angular error (6,) to each bend/rotate step, such that a
positive error corresponds to feeding, bending, and rotating more than
required. If these errors are systematic, they are modeled as constant
offsets to each fabrication step; if they are random, they are sampled
from a normal distribution and vary for each fabrication step. The re-
sulting imperfect bend path represents the fabrication instructions for
the imperfect structure.

In the second step, we model the fabrication of the imperfect struc-
ture using homogenous transformation matrices (HTMs), which repre-
sent linear mappings of translation and rotation [27,28]. Following the
coordinate system presented in Fig. 1, we model each feed step of the
bend path as a translation along the y-axis, each bend step as a rota-
tion about the negative z-axis and each rotate step as a rotation about
the negative y-axis. Using these definitions, we calculate a homogenous
transformation matrix for each line of the bend path. Then to calculate
the nodes of the imperfect structure, we combine these matrices into
N homogenous transformation matrices, where N is the number of feed
steps in the bend path or equivalently the number of nodes in the ge-
ometry. We do this by multiplying together all matrices after each feed
step, hence combining all fabrication steps after each node has been fed
by the CNC wire bender. The resulting N matrices represent linear map-
pings from the origin (i.e. bend head of the machine) to nodes of the im-
perfect structure. By multiplying these N matrices to a list of N nodes at
the origin, we obtain the geometry of an imperfect Bend-Formed struc-
ture. If no fabrication errors are present, this geometry is identical to
the perfect Bend-Formed structure.

The final step is to add the strut curvature (6, = A/L) to the imper-
fect geometry. We do this by fitting a symmetric, circular arc between
the start and end points of each strut, using the maximum transverse off-
set A. The direction of this offset varies for each strut and is randomized
by using by a random unit vector perpendicular to the strut axis. For a
typical CNC wire bender, the direction of this offset may be controlled
by the orientation of the feedstock spool; however, here we consider a
purely random curvature direction.

These three steps allow the calculation of an imperfect Bend-Formed
geometry with fabrication defects, as depicted in Fig. Al. With sys-
tematic fabrication defects, the kinematic model gives the same im-
perfect geometry each time, although the curvature direction for each
strut is random. With random fabrication defects, the imperfect geom-
etry varies each time, as dictated by the normal distributions of the
errors.
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FEED 61.24 [mm]
BEND 60 [°]
ROTATE -54.74 [°]
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FEED 61.24 + 5,
BEND 60 + 5,
ROTATE -54.74 + 5,

Fabrication

FEED 61.24

errors:
5,=N(0,0,2)

FEED 61.24 + 5,

5,=N(0,0,2)
5, = 5%

Perfect structure

X7 >

N
K

Imperfect structure
with fabrication defects

Fig. Al. Kinematic model of imperfect fabrication with Bend-Forming. Fabrication defects are incorporated into a perfect bend path and modeled via homogenous
transformation matrices (HTMs) to calculate an imperfect geometry. The tetrahedral truss shown here has depth H = 50 mm and fabrication defects [o,,0y,6,]1 =
[0.2 mm, 0.2°,5%].
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